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PREP ACE 

The theory or radiative transfer is important in 

~93.6 
.. 111 

I meteorology, tor example in the interpretation of radiation 

measurements from satellites. Some of the techniques can 

also be applied to studies or neutron transport. 

I The present study relates_the theory or radiative 

i transfer to basic methods in the theory or probability. 

should be of interest to specialists in the theory of 

It 

radiative transfer and to those concerned with applications 

ot probability theory to physics. 
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Oft the be.a18 ·~ the atoobaat!.o .... l of Dlltiple 

acatterln& ot ,Uteu, we 00ft814er tM 4111\lae Nfleeticm and 

t:n.uaiaaieft et a panllel Mall of ~iatien. 'by a tsaite., 

plaae parallel, DOR -.tttlRc and -...-aseua a.._.pbere with 
1 

cORHPYative aM 1aotJ1$P1e e.atte1!'1ftl. we ••- tdta'\ tM 

atooAa8t1o proeeaa uMel" oen.a~t1• .......... a hame 

paeeua atatieMJ7 evol•ttcm :1ft a Jla:ltkeYieft sanaer with 

reapeet to tae optieal ...-~a. 

PiNt we derift tM J"~ ..a 1JM M_. 1Rte_..... 

41tte.-.at1al e.,.tteu ltW tM ess.•&oa ....-tt1U.tt7 

418tJ'lillliltil.a8 :r..a tile Clltj an D1-.oPeU ..-tlefa. «JbeR., 

ata.ttna with ,._ Laplaoe , ..... ,_. ot tbeM 4N1uatt.eaa, we 

oe'tatn tme 1- anti .,...._,...,, .... of s. ~ .. .._. t..-

JMmlit.SinetiaMl 1lltdd.Ratii.Oft ot tsbe ~· anti the lowe• 

80\mdal"taa, depea41ftl en the eptt.eal cleptu "o aal ,.1 

(o ~ ,.0 < -r1). '!he reeulta o"'ataiMI wittl -. aY of the 

torwal"d ecuatiena re4uee to ttloae clertvect 11"011 the -~ 

ettuat1ona, lMteauae ot tM -----· optical PJI'8J'Ilftiaa of 

tbe aae41Wil. laae MW hlletiGMl ecuatlona tor tt'le 80\.\1"48 

tunetiou of the aax1.:U.uy e.-rttoaa ..- ai.vea. 
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TD PROBABILISTIC I4Jr~HOD FOJt PMBLI&MS OJ' JW>IATIR .TRAtfSPBR: 
'fD MARKOV PMPBift' Of RADIATIVE TJWfSftR. 

AHD OP NBl.JTJleK DIJ'IPVSIOH 

It ia well ....._ that the llal'kev ,....,..,,. hea Heft 

c:oaaideNfi ill t~e•atl 1ft tae .tle:W el BIIDWAJ.aa aotiea [9 ], 

'tu..I"'Dulea* 41tha1ea [2), aatl e-.w [i]. 

In a P"NeeclJ..I\8 pa;pe.a- [16], tu a.tMr •• _. tat 

Milne' a p.1"08la~~ 1ft a aeat.-iftfialte, p1.,. pa.allel ataaephaN : 

with 1ae$PaP1a saatte•l.na ou M eel'M4, wltdl •• aid. ol .._ 

...... t.aa ........ ,,. -.1 •• •ltl.ple ............... pl!letefta, 

'"DF ••iRII Cta...-.u.-ar•a i.Ma (11], 'ldlJ.a ia t.ued ea .._ 

prmelple el 1M"......_ arieAae 1.-- .._ ..,..._, ... aelutlea 

at :t.AfiftitF• 

With the au o.t the pbpaieal ........ lauetl a tile 
I 

· prmeipl.e el llwari&Dee, tbe ..,...,._of ,._ 416i'\an nfleatielll, 

aM. t.._.U.iea o.t p&Nllel ...,. _. a tia1a, ,.taae parallel,[. 

· h-•eaewa at---- ._ :P\aiPWalr t~Pe&te41 ..,. .-l'!aJJ-iaa : 
I 

(18] .............. the! 

M~t1oal 41aeuaaiea of the - pNltleM 1ft • Bdl ... 

aeaaeua Mdiua hu ..._ stna lif' BellaA aa4 ICalal'la (,], (4], 

[5], S.llele¥' [14], a..ul«lp {1], aat1 V.M (H]. 

· npMMM!AI tM eftlu.tt.oA 1a a Jlatlllt.Jt• •••• .wttb nttpect 

to the ••····•U.a~taeiOMl _....,.. .,. 1a Padlattn ,..._ .... 

afttl neutNR 411ftlata. Aa a tft'.laal eastllle we ciMl w1Va tAe 

, 4ttt\lae _ftlleetua .- '"•••ta•'- •t a ~1~_1 -..a ot u 
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···· .. 6 

·r'' 
Vllile .............. taR ......... , • ..ael - fiftt put 

to.....-._. ve.. [16], tu P"~iliatia Yea ia ratl1a8ive 

,....,. ........ tn...a ... sa taw _..._. ot Slw&Piuee ... te 

' ....... taR {1] ................. [18}. '1M .. aDd ~.,1 .. 
of ~I£BM' ._be ia..,_.._. utile iaMaeisiee •t tlw · 

. PNMitilltF ••~ta, Uld ~ . ._.. tlae »- _.. ~ctieaa 

are ..-al te .,_ ...-a.ilitr .Stat~ilNt.._ •• elideeiMl ,._ 

the u1UtdJaa pl.._a T • "o atwl T • "l' .ea.-etlvel,-. 

Ia laver pape-rs we .-11 ••-~ ta. ... ,.... ...,._.,. 

•t ....t1aaive tnas:ler, allow&RI tor -. IMI rp•ttr (aee 

tllaa 

u.-iftC tl\atl .. .Sil.ftaee ni'1eetiell atw1 t...._iHi.ea of 

pu.llel ..,. • ._. a fialte tlat l&J'e• ••• .-err•ttve aid 
; 

iaotHpie aaatJMria& repRaeaM a .,.,._., ..... ._.._.tie .-eeea111 
r 

tlaat ia stat~ atw1 •••••••.,. wita .__., to "- eptiealj 

cleptl\ ", we eaa phf'a1•11r ar~ae tM •1•1ell pN..-111t,­

diatr11Ntiea aa follWea Let p{fit.J"e••,•1 ) be tlae 

preeaailit,- tl\at a ••• • ._..._.at leftl ,. (o• "l + "o ~'f) 
I, 

will M ra·•tvW 1a 'M &...._tie + 11. (•• - t') " 

(0 < .,. ' 1) 1R tM .................. ,... , ........ . 

" • "e (or "' • -r1). ,... .... , • .,., let Mti;-t1,,.,,.0 ) M tlae 1· 

I 

eaerpAfl8 PHMbilltf' ef a _.._ a~ at tM leMl 'f I 

· (or -r1 + •o - -r) :LA -. au.eta..a- ,._ (•• + 11.) (e < " 11) 

,.... ... ...... " - ., 1 (or- _.,_ ~- c" .1· Ia a •• ,... aillilu 



te tut u...a 1n -. ata •••aeae-. ••• (ao ], • aull all 

P(loLJ"'o•"•"1) u4 p(.,.., ... 1 ,.,,•0 ) tlaB ~ aad tlaB upwai"CC 

eaisa10R ~MM-111ty cliaWUNtiGRa, PeeptNt:lYeJ¥. 

Ill a pfteetliJlc ....-r [1;], .. ._ARB ttle ....._. ..... •tv 

et tu 4J.Hue N~laetia aD4 , ....... ._'-' ol l'adlatloa f'or 

iae•npto and .... ...,..., aeetMPi.Jl8 :la t:iae •--•••atlve eue, 

we 4er1ve4 tlaB -.~..,..1"'1-J'ellea- •••tioa t..a tbe ObaPIIta... 

lte'Mprotl e...,tloft, allowiaa ler tbe leallep e:l tM 

, .. ._.u~.t,. ·~• ~ tM ••urdUt8 tt1atile "• • 1 c~ua 

te ttae tn.ua1aa1e11 et Patl1at1e0,4..._ted t11aaMII tM 1eYel 

Ia a..._._. aillllar to ... ,,_.. la ,..._~till_..__,. 

(12], we flail tae ~Jaeawett e.-ts.oa ....-..-tate te 

the , ..... t •••• - " 

(2.1) P(loLJ"o'"''"1) • J 1 J(~A' ;-ro,.-..","l)P(tA/IoL' ,a-r, .. l)dil'' 
0 

tor all val\tea ot A ._,.... •o an4 ... 1 • Ia Jlfl. (1.1) 

J(t.LJ"o·''-11-t,,.l) _. lt{tA/.,.' .;&1', ... 1) ue at"• Dr 

(2.2) 

- "" fl ,, ...... , ... l, ... , •• )~(t'Alft)$", 
0 

P(llo/l.<'JA'<,'fl) • Rl(llil£' }A'f + 6(- 1 ){1 - A'f £ l R(IO"~' )••} 



·····.·· :· 6 r·'' 
Ia tiM ••••, ttae ...._..,tlttv cU.et,pttMtS... 1\mctlea 

P(Y~'a•'~'-.,-4'8 ,..,1 )-..., NpJNtaeata the .-.a-.tlttv t~aat -...("..,) 

: 11ea Det..- •• aAf. ._ + e., pNYYed t:bat ti(1'8 ) • t<La 
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